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Abstract 
In this paper, we show that a k-space with u-hereditarily closure preserving k-network 
or a k- and N-space is a g-metrizable space iff it contains no closed copy of S,,,. It answers a 
question of Lin in 1990. Using this result, we prove that g-metrizable spaces are preserved 
by open and closed mappings. 
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g-metrizable spaces were introduced by Siwiec [71 as a generalization of metric 
spaces. Recently, Tanaka [8,9] and Lin [51 have done some wonderful work on 
them. In this paper, we show that a k-space with a c-hereditarily closure preserv- 
ing k-network is a g-metrizable space iff it contains no closed copy of S,, it 
answers a question in [41 affirmatively. 
All spaces in this paper are assumed regular and T,, all mappings are continu- 
ous and surjective. The reader could refer to [2,91 for unstated definitions and 
symbols. 
Let X be a topological space. A family 9 of subsets of X is a k-network for X 
if for every compact subset KcX and neighborhood U of K, there is a finite 
9’ ~9 such that Kc U 9’ c U. 9 is called a cs-network for X if for every 
convergent sequence {x ,,: n EN} which is converging to x and U is a neighbor- 
hood of x, there exist a P ~9 and m E N such that {x} u {x,: IZ z m} c P c U. 9 
is called a weak base if 9 = U(Px: x EX} and the following are satisfied. (1) For 
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each P •9~, x E P. (2) For each P’, P” egx, there exists P •9~ such that 
P’ I? P” 3 P. (3) U is open iff for each x E U, there exists P •9~ such that P C U. 
P CX is said to be a sequential neighborhood of x if every sequence converging to 
x is eventually in P. 
A space with a u-locally finite k-network (weak base) is called an K-space (a 
g-metrizable space). A space X is weakly first countable (= g-first countable) if X 
has weak base 9 = l_l{gx, x EX} such that I .Tx 1 =G w for x EX. Let S,,, denote 
the sequential fan space [6]. Obviously, S, is not g-first countable. 
Theorem 1. Suppose X is a k-space with a point-countable closed k-network or a 
sequential space with a point-countable m-network and each point of X is a G,. Then 
X is g-first countable if_f X contains no closed copy of S,. 
Proof. Any closed subspace of a g-first countable space is g-first countable. So 
necessity is obvious. 
Sufficiency: In any case, X must be a sequential space. Let 9 be a point-coun- 
table closed k-network or cs-network for X, without loss of generality we could 
assume that 9 is closed under finite intersection. For x EX, put 
9,= (PEP, XEP}, 
sx= (U9’, 9J”E [Y]‘“, U 9’ is a sequential neighborhood of x}, 
9= U(Bx, XEX). 
Then 1 9x 1 < w, we will show that 5%’ is a weak base for X. It is easy to check 
that conditions (l), (2) of weak base are satisfied. Now we will prove that 9’ 
satisfies condition (3) of weak base. 
(1) Let G CX and for each x E G, there exists a B ~9’~ such that B c G. If G 
is not open, since X is a sequential space, there must be a sequence S in X\G 
converging to x E G. Let B ~9’~ such that B c G. Then S is eventually in B, a 
contradiction. Hence G is open. 
(2) Let G CX be an open subset of X. For x E G, if any number of .c%‘~ cannot 
be contained in G, then x is not an isolated point of X. Put 9* = {P ~9~, 
P c G} = {Pi, i E N}. Since X is a sequential space, 9 is a k-network or cs-net- 
work. Then 9* # fl. For each n E N, let F, = U y= ,Pi. Then F,,Ez%‘~. 
We inductively choose Si = (x~,~, j E N} and ni such that for each i EN, Si -+x, 
n, < ni+ 1, Si c G n F.,,, -F,,. 
(a) Let ItI = 1. Since F, is not a sequential neighborhood of x there exists a 
sequence Z converging to x, which is not eventually in F,. Then we could choose a 
subsequence S, of Z such that S, +x, S, c G and S, n F = @. 
(b) Suppose S,, . . . , Si and nl,. . . , n, have been picked out. Since Fni is not a 
sequential neighborhood of x, there exists a sequence converging to x which is not 
eventually in F,,. Then there is a sequence S’ such that S’ + x, S’ C G, S’ fl F,, = @. 
Note that {x} u S’ is a compact subset (converging sequence) in G and 9 is a 
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closed k-network (cs-network) for X, there must be a subsequence Si+i of S’ and 
P ~9 such that (x} u Si+I c P c G, hence P l 9* and there exists an m EN such 
that P = P,. Pick n,+i > max{n,, m), then Si+l C G f~ F,,,, -F,,. 
Let 
Si= {xi,j, jEN] (iEN), 
S={x} U (iFNSi) ={x} u{Xi,j~ i, jEN}. 
Case 1: There exists A E [N]” and j: A -+ N such that (x~,~(~): i EA} +x. 
Since K= (x} u (x~,~~~): i EA) is a compact subset in G, there exist finite P(l), 
p(Z) ,...,P(“)E9 such that KcP”)UP(*)U ... U PCs) c G. Then there must be a 
P E (P(l), . . . ) PCs)) and a subsequence (x. r,,crkj: k EN) in K\(x) such that (x) u 
(x~,~(~~): k E N) c P c G (when 9 is a cs-network, there exist a P ~9 and m E N 
such that (X,+k,j(m+k): k E N) c P c G. From the definition of 9*, P ~9*, hence 
there is an m EN such that P = P,. Pick i, > m. xik,jok) E Sit and Sik n I;;:, = @. So 
xik j(i,IEFi;:k. Note that P = P,,, c Fik, xik j(ik) E P, a contradiction. 
Case 2: For any j : N + N, (x~,~(+ i E’N) has no subsequence converging to x. 
Every point in X is a G,. Then there exists a sequence (W,: n EN) of open sets 
of X such that w,+ 1 c W, and r-l W, = (x). For each i EN, there exists a 
j(1, i) EN such that xi,jo,i) E Si n W,+l. Let x(,‘) =x~,~(~,~) and D, = (xy): i EN). By 
hypothesis, it is easy to see that D, is closed. So U, =X\D, is an open 
neighborhood of x. Choose j(2, i) EN, j(2, i> > j(1, i) for each i EN such that 
Xi,j(*,i) E si f-l CT+* n ul>. Let X* (Q =x~,~(*,~) and D, = {xy): i EN), U, =X\(D, u 
D,) is an open neighborhood of x. In this way, we could get the D, = (x’,“: i EN), 
U, =X\(D, u . . . u Dk), xfil =x~,~(~+~,~) E Si n (uI;+k+l n U,>, j(k, i) < j(k + 
1, i) for each k EN. Since (xf), k EN) c Si for each i EN, (xf’: k EN) is 
converging to x. For m EN, xp) E Si n (w+, n UJ c W,, if i + k > m. Put T, = 
(xf), k EN), T = {x) U {q: i EN). Then 
(1) For each i EN, T, +x. 
(2) If M is an infinite subset of T and M has a cluster point p EX, then since 
M\ W, is finite, p E W,. So p =x, i.e., x is the only cluster point of M. 
For any j:N+N, let M=(xi . @)* k <j(i)]. From the hypothesis of Case 2, -- 
x E 44. So A4 is a closed discrete set in X. This proves that T is a closed copy of S, 
in X, a contradiction. Hence 9? = U(A?x, x EX) is a weak base of X. 0 
Theorem 2. Let X be a k-space with a u-HCP k-network. Then X is g-metrizable iff X 
contains no closed copy of S,. 
Proof. Necessity is obvious. 
Sufficiency: If X contains no closed copy of S,, then X must contain no closed 
copy of sal. By [6, Theorem 1.11, X is an N-space. By Theorem 1, X is g-first 
countable, hence X is g-metrizable [l]. 0 
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Remark. The condition “k-space” in Theorem 2 cannot be omitted. Let X = N U 
(p}, p E /3N\N. X is endowed topology as a subspace of PN. Then X has 
countable k-network and contains no closed copy of S,. But X is not a k-space. 
Corollary 3. k- and K-space is a g-metrizable space iff it contains no copy of S,. 
Corollary 4 (Tanaka, Lin). X is a g-metrizable space iff X is g-first countable and has 
a a-HCP k-network. 
Proof. If X is g-first countable, then X contains no closed copy of S,. By 
Theorem 2, X is a g-metrizable space. 0 
Before we prove Theorem 6, we give out a lemma. 
Lemma 5. Suppose each point of X is a G,, f : X + Y is an open and closed mapping. 
If Y contains a closed copy of S,, so does X. 
Proof.Let S={y}U{Ui,, z, S.} Y be a closed copy of S,, Si = (Y~,~: j EN}. Since 
y is not an isolated point, af-l(y) # @. pick x E af-l(y> and a decreasing open 
sequence {G,: n EN} of neighborhoods of x such that ll G,, = 1x1, G,+, c G, for 
n EN. Let V, =f(G,>. Then V, is an open neighborhood of y for each n EN. We 
choose a subsequence Si of Si, S: = {Y~,~(,+ n EN) such that yi,j(n) E V,. Since 
f(GJ = V,, there exists a ti,, E G,, f(ti,,> = Y~,~(~). Put q = {ti+: n E NJ, then 
f(Ti) = S;. Si is not closed in Y and f is a closed mapping. Hence, 17 is not closed 
in X, thus Ti must have cluster points. Since {ti,j: j > n} c G,,, x is the only cluster 
point. It is not difficult to show that q +x. Let T = {x} U (U icNq>. It is easy to 
prove that T is a closed copy of S,,, in X. 0 
Theorem 6. Let f : X + Y be an open and closed mapping, X be a g-metrizable space. 
Then Y is a g-metrizable space. 
Proof. Y is a k-space with a a-HCP k-network [93, X contains no closed copy of 
S,. By Lemma 5, Y contains no closed copy of S,; hence Y is a g-metrizable space 
by Theorem 2. 0 
Theorem 7. Let f : X + Y be a perfect mapping, Y be a g-metrizable space. Then X is 
g-metrizable iff X has a G,-diagonal. 
Proof. Necessity is obvious. 
Suppose X has a G,-diagonal and Y is an N-space, then X is an Et-space [3]. If 
X is not a g-metrizable space, by Corollary 3, X contains a closed copy S of S,, 
$ =f I s: s + f(S) is a perfect mapping, S is a FrCchet space, so f(S) is a FrCchet 
and g-metrizable subspace of Y. Hence, it is metrizable, thus S is a paracompact 
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M-space. Since S also has a G,-diagonal, S is metrizable, a contradiction. It proves 
that X is a g-metrizable space. q 
Theorem 8. Let f : X + Y be a closed map and X be g-met&able. Then Y is 
g-met&able iff it contains no closed copy of S,. 
The proof is similar to the proof of Theorem 6. 
References 
[l] L. Foged, On g-metrizabihty, Pacific J. Math. 98 (1982) 327-332. 
[2] G. Gruenhage, Generalized metric spaces, in: K. Kunen and J.E. Vaughan, eds., Handbook of 
Set-Theoretic Topology (North-Holland, Amsterdam, 1984) 423-502. 
[3] S. Lin, Mapping theorems on H-spaces, Topology Appl. 30 (1988) 159-164. 
[4] S. Lin, A survey of the theory of K-spaces, Questions Answers Gen. Topology 8 (1990) 405-409. 
151 S. Lin, On g-metrizable spaces, Chinese Ann. Math. Ser. A 13 (1992) 403-409. 
[6] T. Nogura and Y. Tanaka, Spaces which contain a copy of 5, or 5, and their applications, 
Topology Appl. 30 (1988) 51-62. 
[7] F. Siwiec, Generalizations of first axiom of countability, Rocky Mountain J. Math. 5 (1975) l-60. 
[8] Y. Tanaka, Symmetric spaces, g-developable and g-metrizable spaces, Math. Japon. 36 (1991) 
71-84. 
[9] Y. Tanaka, u-hereditarily closure-preserving k-networks and g-metrizability, Proc. Amer. Math. 
Sot. 112 (1991) 283-290. 
